This paper presents some recent progress on internal and external free molecular flows. The first part of this paper concentrates on steady collisionless gas flows inside arbitrary enclosures, which are either convex or concave, two-dimensional or three-dimensional, formed by several plates maintained at different temperatures. If the molecular reflections on these plates are completely diffuse, then at the final steady flow stage for any point inside the enclosures, the velocity distribution function (VDF) is completely determined, and macroscopic properties such as density, velocities, temperature and heat flux can be exactly determined by integrating the VDF with different moments. The result from this study leads to many exact solutions for internal collisionless gas flow and thermal fields, such as those inside vacuum packaged Micro-/Nano-Electro-Mechanical System (MEMS/NEMS) devices. The second part considers collisionless flows over a flat plate with a sticking coefficient, such as a cryogenic pump. We obtain the corresponding exact solutions for the flow and thermal fields. Numerical simulation results obtained with the direct simulation Monte Carlo method validate the analytical solutions. In general, the comparisons between the exact analytical solutions and the numerical results are virtually identical.
II. Part I: Collisionless Gas Flows inside Arbitrary Enclosures

A. Introduction
The first part of this paper concentrates on collisionless gas flow fields, such as those inside vacuum packaged Micro-/Nano-Electro-Mechanical System (MEMS/NEMS) devices. As well known, most MEMS devices have to be packaged in vacuum chambers before usage in order to obtain stable performances. 1, 2 Usually, a package consists of a hot chip on one plate and several other plates maintained at lower temperatures. Inside the enclosure formed by those plates, there is internal rarefied gas flow transferring heat from the hot chip to the cold plates. The dimensions of the MEMS devices can be very small and the vacuum chambers can maintain at very low pressures. Especially nowadays, due to the continuous development of MEMS/NEMS devices with smaller dimensions, and lower background pressure in vacuum chambers, it is very reasonable to believe that gas flows inside vacuum packaged MEMS/NEMS devices can be highly rarefied. A collisionless flow state provides extreme heat transfer rate and may be very helpful for design purpose.
In the literature, there are very rare analytical results about the internal collisionless gas flow and temperature fields inside enclosures formed by several plates maintained at different temperatures. Previously, we reported a study of such free molecular gas flows inside vacuum packaged MEMS devices. 3 In that study, we proposed a four-node model which was based on the fact that on the same straight plates maintained at the same temperature, the distribution functions at different locations must be the same due to completely diffuse reflections. However, for enclosures of concave shapes with curvatures, it is impossible to construct a similar "N-node" model; and for more practical 3D enclosures, it is rather complex to construct a similar N-node model. Hence, our previous work is not general enough for real enclosures formed by multiple plates with complex geometries, and the major goal of the first part of this paper is to extend the applicability of the previous speculations 3 from convex enclosures to general enclosures of arbitrary shapes.
B. Speculations
Here we extend the speculations obtained in our previous study 3 to the following new formats: Speculations Inside an arbitrary shaped enclosure formed by different plates which are maintained at different temperatures, no matter whether this enclosure is two-dimensional or three-dimensional, convex or concave, as long as the molecular reflections at the plates are completely diffuse and the plates are stationary, then at the final steady state: i). The internal flow field has zero macroscopic velocity everywhere; ii). If the group of particles, reflected at and traveling away from the ith plate which is maintained at T i , has a number density n i , then n i √ T i is a constant for all plates;
iii). For any point inside the enclosure, the velocity distribution function at that point consists of several Maxwellian distribution functions; each of these functions is valid inside a specific solid angle subtended by the point and different plate. iv). The pressure field inside the enclosure is not constant. v). For flows with multiple species, the above speculations are applicable separately for each species as well.
These speculations have been discussed previously for a convex enclosure. 3 The same arguments in our previous work 3 are still applicable here for speculations i), iii) and iv); while the validity of v) is evident because the flows are collisionless. We do not repeat them here to keep this paper concise, instead we concentrate on the second speculation for a general situation.
First we revisit the definition of a completely diffuse reflection. No matter how fast molecules travel toward a plate before their collisions, after the diffuse reflections on a plate those molecules can travel away along any direction in front of the plate, with an equal probability inside a solid angle of π for a two-dimensional case (2π for a three-dimensional case) and with a thermal speed characterized by the plate temperature T i :
where R is the gas constant. Then from a point on the ith plate, along any direction n ′ i or any ray from this point, the molecular flux for the outflow is:
where u ′ i is the thermal velocity along the n ′ i direction. The probability distribution function follows Eqn. (1) . Because the reflection is completely diffuse, molecules travel along any ray from the point on the plate with the same probability, hence the above relation is valid for any direction n ′ i . Equation (2) indicates that the mass flux is related with the wall temperature and the number density for the group of molecules only.
Secondly, if this ray interacts the jth plate with a different temperature, T j , then with a steady state of zero flux everywhere, we must haveṁ i =ṁ j , or n i √ T i = n j T j . Whether the enclosure is convex or concave does not change the result: for a concave domain, the ray originating from one point can reflect at different plates several times, and finally when it reaches the other side of the concave domain, the flux on the other side of the concave part must satisfy the flux balance relation as well. For example, in Fig.(1) , along the ray starting from point F, we must haveṁ 4 =ṁ 4 =ṁ 1 =ṁ 2 since the ray reflects on the plates with different temperatures. Hence, for all the plates maintained at different temperatures, the second speculation must hold. At a steady state, molecules reorganize their number densities only according to the plate temperatures, and local curvatures have no effects on the number density at all. This explanation is more general and simpler than the four-node model approach in our previous study.
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The third speculation is illustrated by Fig.(1) as well, which is an arbitrary two-dimensional enclosure formed by four plates maintained at different temperatures. On the boundary there are five arbitrary points, A, B, C, D and E, and they divide the boundary into four regions of different temperatures. The velocity phase for point P consists of four pieces of Maxwellian distribution functions characterized by four temperatures and four number densities:
where A 1 O in the right phase plot is parallel to line P A in the left domain; E 1 O in the right phase plot is parallel to P E in the left domain. In the right phase plot, the region inside solid angle E 1 OA 1 is formed by the molecules in the left domain which travel to point P and within solid angle AP E. Correspondingly, the molecules traveling towards point P have velocities within different solid angles subtended by point P and specific plate ends. Narasimha originally adopted this solid angle approach to study an effusion flow problem.
From the classical gaskinetic theory, if at one point, P , the velocity distribution function is known, then with higher order moments, the macroscopic properties, such as density, temperature, and gaskinetic heat flux can be obtained as:
Equation (5) utilizes the first speculation that macroscopic velocity equals to zero everywhere inside such an enclosure; ǫ is the gas internal energy, and c i is a thermal velocity component.
As we have pointed out in our previous paper, 3 those internal collisionless flows represent a challenge to the direct simulation Monte Carlo (DSMC) 5 method, because of the absolute zero macroscopic velocity; due to the non uniform pressure distributions inside an enclosure, they present a challenge to the current Information Preservation (IP) schemes 6-9 as well.
C. Examples and numerical validations
To demonstrate the extended speculations, we present three test cases, with their analytical and simulation results. For the simulation cases in this paper, we use argon gas and the initial number density is set to n 0 = 1 × 10 20 m −3 .
An Enclosure by Four Plates, Two Temperatures
The first case is a square enclosure formed by four plates with a length L = 1 m. The left half of the enclosure, x/L < 0.5, is maintained at T L = 300 K, while the right half is maintained at T R = 600 K. Figure ( 2) illustrates the domain configuration, which is similar to that investigated by Aoki, 10 but we concentrate on the collisionless flow situation only.
We set the coordinate origin at the bottom left corner of the enclosure. The velocity distribution for any point, P (x, y), consists of two pieces of Maxwellian distribution functions. The density and temperature fields inside the enclosure are:
T
where
, it is the solid angle subtended by point P (x, y) and points
The next step is to determine n L and n R . Suppose there is no leakage from the enclosure, then the mass of argon gas inside the enclosure must be a constant value before and after the packaging process. Integrating Eqn. (7) over the whole square domain, we obtain:
where n 0 is the initial or average density inside the enclosure, and 0.5 is an average value of α(x, y)/(2π) over the whole domain. From the second speculation, we obtain n L √
1) and n R = 2n 0 /( √ 2 + 1) are completely determined. A DSMC simulation is performed with a specific package named GRASP (General Rarefied gAs Flow Simulation Package) which is currently under active development at the New Mexico State University. The collision function in GRASP is turned off, and a true collisionless flow is guaranteed. We must point out that the package is not developed solely for this study, and this paper is not devoted to advocate the DSMC method. Here we only use this DSMC simulation package as a tool to validate the exact solutions obtained in the previous section. Because the flow is collisionless, hence the requirements on the simulation parameters are significantly relaxed. We utilize 100 by 100 cells along the X-and Y-directions in the simulation domain and about half million particles in this simulation. Figures (2-4) show the normalized number density, by n 0 , the translational temperature, and normalized pressure distributions in the enclosure, respectively. These distributions are not uniform, and the numerical simulation results agree with the analytical results. In fact, the smooth contours from the analytical results are circular lines passing the two ending points Q 1 (L/2, 0) and
while the normalized density has a constant value of 1.0.
The gaskinetic heat flux vector is very complex to compute, and we first illustrate the gaskinetic thermal heat flux over the bottom plate as an example. In this study, we consider gaskinetic thermal heat flux only, and neglect other formats of heat transfer, such as radiation. Take one point P (x, 0) on the left side of the bottom plate, 0 < x < L/2, if we denote
) which is an angle less than 90 o , then Fig.(5) illustrates the velocity phase for point P (x, y) on the bottom plate. The I and II quadrants represent the particles reflected at the bottom plate, and the corresponding Maxwellian distribution function is characterized by number density n L and temperature T L . The III and IV quadrants which represent the particles traveling towards P (x, 0), inside a solid angle range of Ω = [π, π + α 1 ] are the particles traveling from the right plates maintained at temperature T R = 600 K, and the Maxwellian distribution function is characterized by number density n R and temperature T R ; the rest of the velocity phase represents the particles traveling from the left plates maintained at temperature T L = 300 K, and the Maxwellian distribution function is the same as that for quadrants I and II. Then the gaskinetic thermal heat flux over the bottom plate at point P (x, 0), 0 < x < L/2, is:
After a similar derivation, we obtain the formula for the heat flux over the right half of the bottom plate, and the formula is asymmetric to the value on the left part. We obtain the thermal heat flux over the left vertical plate as:
where α 2 = arctan(2(L − y)/L) and α 3 = arctan(2y/L). 
A concave enclosure
The second test case demonstrates the second speculation's applicability to a concave enclosure, shown as Fig.(7) . It has four plates, one top semi-cylinder, one bottom semi-cylinder, and they are connected by a left flat plate and a right flat plate. These four plates are maintained at different temperatures. After simple derivations, we obtain:
where subscripts L , B , R , T represent the left, bottom, right and top plates; α(x, y), β(x, y), γ(x, y) and ζ(x, y) represent specific solid angles subtended by point P (x, y) and different plates, respectively. The major steps to evaluate the four solid angles are summarized as follows: 1. From an internal point P (x, y), shown in Fig.(7) , determine the two tangent points on the bottom semi-cylinder, L and R. If these two points are below line AB or line CD, then set the corresponding point, L or R, to B or C. The solid angle β(x, y) is determined as LP R.
2. At the left side, connect A to point P (x, y), then AP L is α(x, y). If segment AP intersects with the bottom cylinder surface, then α(x, y) = 0, which means point P (x, y) is invisible from point A, and the left plate has a zero contribution to the density and temperature values at point P (x, y). Figure ( 8) shows the solid angle distribution α(x, y)/(2π).
3. Repeat the above process for the right hand side plate CD, and γ(x, y) is determined.
By utilizing the mass conservation law and with a simple computer code, we can numerically integrate out the density distributions with Eqn. (12) over the whole concave domain: n 0 = 0.1045n L + 0.1554n B + 0.1045n R +0.6395n T . The bottom and outer cylinder radii are set to R 1 = 0.5 m and R 2 = 1.5 m respectively.
, the complete relations among the number densities are uniquely determined. Integrating the velocity distribution function with different moments leads to density and temperature fields.
A DSMC simulation is performed, mesh size 100 by 50 along the circular and radial directions. In this simulation, we utilize two million particles, T L = 200 K, T B = 300 K, T R = 400 K, and T T = 600 K. Figures (9-10) show satisfactory agreement between the numerical and analytical results of normalized number density and temperature, respectively.
For a heat flux computation, the process is very complex. Here we only provide the theoretical and DSMC simulation results for the gaskinetic thermal heat flux at the bottom cylinder surface. For each point P (x, y) on the bottom cylinder surface, the velocity phase consists of several parts: half of the space is composed of particles reflected on the bottom cylinder surface and they are traveling away from point P (x, y); while the other half space is composed of those particles traveling towards point P (x, y). For example, Figure  ( 11) shows one point P on the right side of the bottom cylinder surface. If we denote P OC = θ, and
Figure (12) shows the corresponding velocity space for point P (x, y), on the right side of the bottom cylinder surface. In this figure, region Ω 1 represents the reflected particles and the Maxwellian distribution function is characterized by the bottom cylinder temperature T B and the number density n B , and vOC ′ = θ. Region Ω 2 is within C ′ OD ′ = α and is formed by those particles traveling from the right flat plate, and the Maxwellian PDF is characterized by the right flat plate temperature T R and number density n R . The rest of the domain, Ω 3 , represents the particles traveling from the top cylinder surface, and the VDF is governed by a Maxwellian distribution function, characterized by the top plate temperature T T and number density n T . Then the gaskinetic thermal heat flux at point P (x, y) is computed as:
where β i = 1/(2RT i ) and v n is the velocity along the cylinder normal direction at point P . A simple evaluation of the above integration is to rotate the velocity phase clockwise by an angle of θ, then integrate the above integration with u instead of v n . The heat flux for other locations on the bottom cylinder plate can be evaluated similarly. For the final thermal heat flux result, if we denote θ 0 = arccos(R 1 /R 2 ), then
where in the last expression, ζ = arccos(R 2 sin θ/ R 2 1 + R 2 2 + 2R 1 R 2 cos θ). 
A 3D Enclosure with 6 Plates
As the final example, we show a simple unit cube formed by six identical plates. The boundary conditions are, T (z = 0) = 100 K, T (z = 1) = 200 K, T (x = 0) = 300 K, T (x = 1) = 400 K, T (y = 0) = 500 K, and T (y = 1) = 600 K. Similar steps as the first test case are followed to compute the analytical results of the normalized number density and translational temperature.
A DSMC simulation is performed with about 620,000 tetrahedral cells and 9 million particles. Figures  (14-15) show the contours at the z = 0.5 m plane, the analytical and DSMC simulation results of normalized number density and translational temperature. The comparisons yield very good matches for this threedimensional case. We can believe that the speculations are valid for three-dimensional enclosures as well.
III. Part II: Collisionless Gas Flows Over a Flat Cryogenic Pump Plate
A. Introduction
Collisionless gas flows over a flat plate has applications in space engineering, materials processing and vacuum industry. This part of this paper is related to vacuum chambers equipped with cryogenic plate pumps, 11 which create low-pressures inside vacuum chambers. For example, the University of Michigan's Large Vacuum Test Facility (LVTF), shown as Fig.(16) , is used to create near space low pressure conditions to test Electric Propulsion (EP) devices. LVTF is a large cylindrical chamber nine meters in length and six meters in diameter, and is equipped with seven cryogenic pumps which create a background pressure of 10 −6 Torr or lower.
12 With such a low pressure, the background flow inside LVTF is collisionless or free molecular. The cryogenic pumps in LVTF are made of steels with both sides exposed to the collisionless background flows, and liquid nitrogen is sprayed onto those two sides to maintain a low temperature of 12 ∼ 20 Kelvin. At such low temperatures, when a molecule collides with the cold plate surfaces, by a probability of α it sticks to the plate, and by a probability of 1 − α it reflects back to the vacuum chamber, with a thermal speed characterized by the cold pump temperature, T p . The probability α is the so-called pump or plate sticking coefficient, which is one crucial property for cryogenic pumps. The higher the α, the lower pressure can be achieved in a vacuum chamber. To accurately quantify the pump sticking coefficient can benefit new vacuum chamber design, chamber performance evaluation, or old vacuum chamber modifications.
To accurately quantify the cryogenic pump effect requires a complex process and some new methods. One reason is for the same chamber the plate sticking coefficient varies with different working conditions, such as different numbers of EP thrusters under test and different number of cryogenic pumps in operation. This is due to different thickness of propellant frost accumulated on these pumps under different working conditions. 13 Even though the nominal air-steel sticking coefficient at low temperature can be very high, the real coefficient value varies. Recent work by Walker 12 confirmed that the background pressures in LVTF vary with different numbers of thrusters and pumps in operation. In that work, three ionization gauges were utilized at different locations of LVTF to measure the background pressure. Later, some free molecular flow models were proposed, 14 and they successfully quantified the relations among background average pressure and velocity with the cryogenic pump properties, including α. Based on Walker's measurement results of background pressure in LVTF, 12 those collisionless gas flow models yield a different α for different conditions; the average value of α for the cryogenic pumps in LVTF is 0.40. Numerical simulation results 14 agree with these analytical collisionless model. However, the previous work 12, 14 can only provide an estimation of the average cryogenic pump sticking coefficients. This is because the ionization gauges were located far from the pumps, and LVTF has other side effects such as outgassing and micro-cracks on the chamber wall. Hence, to obtain more accurate pump sticking coefficients, we need 1) more accurate measurement at locations very close to the pumps, and 2) accurate flow field solutions for collisionless gas flow around a flat plate with sticking effects. This second part of this study addresses the second one.
This part concerns collisionless gas flow fields around a flat plate with both sides exposed to the gas flow, and the plate has a sticking coefficient α, like the cryogenic pumps in LVTF. The flow and thermal field solutions to be obtained in the next section are very helpful to determine the pump sticking coefficients. Measurement tools can be used to sample the flow field properties at locations off the plate. Such an off-plate setup ensures more accurate α values because the further the gauges are set from a plate, the less interactions to the flow field they introduce. With the measured data from those locations, the solutions from this part are applicable to determine the pump sticking coefficients.
The problem in this part can find many other applications as well. Here we provide another two examples in space engineering and materials processing. The first example is about plume impingement estimation from spacecraft or electric propulsion devices onto sensitive surfaces, such as solar cells. For this problem, we can assume the plate sticking coefficient is zero, then the cryogenic pump problem degenerates to the impingement problem. In the literature, most previous studies concentrated on the aerodynamic coefficients and heat flux rate, which are important for spacecraft design. For such flows, the earliest work may date back to Lees 15 and Kogan; 16 several more recent books discussed the aerodynamic properties along a flat plate surface as well, such as those by Gombosi, 17 Shen, 18 and Bird. 5 Especially, Bird 5 discussed plate surface properties for collisionless flows with both diffuse and specular reflections, and the DSMC method probably is the most appropriate numerical tool to simulate such kind of gas flows. Storch 21 recently reported the steady and unsteady aerodynamic forces on a disc, a cylinder, a sphere and a cone. Chen 19 discussed the surface drag and heat transfer for collisionless gas flows over a plate, a cylinder and a small sphere. It is also worthy to mention that Sun & Boyd 20 reported a study of rarefied gas flows over a 5% thickness flat plate with a hybrid method. However, most previous analytical studies on the collisionless flows over a flat plate were focused on the wall properties. Even though there are some numerical simulation results of collisionless gas flow and thermal fields in the literature, we are not aware of any exact solutions or expressions. The second example is gas dynamic spray 22 inside vacuum chambers for materials processing, e.g. for thin film deposition, where a supersonic carrier gas jet with fine powder is fired towards one side of a plate. The background pressure is maintained very low with vacuum pumps to reduce the impedance to the carrier gas and powder. With a very crude assumption that the powder has a certain possibility α to deposit onto the surface, 1 − α to reflect at the plate surface, this problem has some similarities with the cryogenic pump problem.
This work is based on our previous study, 23 which adopted a relation between particle velocity-directions and geometry-locations to investigate free molecular plume flow problems. This treatment is more general than the solid angle treatment, 4 which was widely used in studying true collisionless effusion flows with a zero average exit speed, but is not applicable to collisionless flows with a nonzero average speed. We want to emphasize that this concentrate on the exact solutions for collisionless flow fields around the plates rather than surface properties. Flows around flat plates are very fundamental problems, unlike the classical continuum solutions, 24 solutions for collisionless flow conditions with high Knudsen number, can find practical applications as well. Without the flow field solutions, those wall property solutions by themselves are incomplete. Several books have already recommended straightforward principles to compute collisionless gas flow fields, e.g. the book by Kogan.
16 However, the past approaches are numerical only, and they can not explicitly illustrate the effects of different physical and geometry factors, and numerical simulations are very expensive. By comparison, the exact solutions from this study clearly show different factors; evaluations of exact solutions can be completed within a few seconds using a computer.
B. Flows over a Flat Plate and Solutions
The second problem is stated as follows and illustrated by Fig.(17) .
Problem Statement: A zero-thickness flat plate AB is set with an inclination angle BOF = ξ relatively to the free stream, the plate length is L, the plate sticking coefficient is α, and the coordinate center is on the plate center. Steady free stream collisionless gas which is assumed to be argon in this study, flows from the left to the right, with a number density, n 0 , a macroscopic average velocity, U 0 and a temperature, T 0 . We are interested in the detailed flow and thermal fields around the plate, and relations to determine the plate sticking coefficient with measurable flow field properties.
To aid the study, we need to make several assumptions. First we assume the outer boundary as a circle with a very large radius. At each point on the circle, particles traveling from far-field follow a Maxwellian distribution function which is characterized by the free stream parameters, n 0 , U 0 and T 0 . Suppose there is an arbitrary point P (x, y) off the plate (either in the front or the back side of the plate) and the major purpose of this section is to obtain the exact flow field related with the plate properties, e.g.α, T w and plate length, L. Another assumption is that the reflections on the plate are completely diffuse and the velocity distribution function for those molecules reflected on the wall is a Maxwellian distribution function characterized by the wall temperature, T w , and a number density characterized by wall, n w . For collisionless gas flows, we completely ignore interactions among molecules and the interactions between molecules and plates. To assume the plate to be completely diffuse simplifies this problem.
For a collisionless gas flow, the governing Boltzmann equation is greatly simplified:
where V is a phase velocity vector, and f (t; x, y, z; V ) is the molecular velocity distribution function. Hence, we can integrate along a particle trajectory to solve the equation. By virtue of this fact, there are many exact semi-analytical collisionless gas solutions. In Fig.(17) , starting from a point (X, Y ) on the large circle, of all particles with a thermal velocity (u, v, w) only those satisfying the following relation can reach point P (x, y) if (X, Y ) is "visible" from P (x, y):
If on (X, Y ) a particle's velocity components satisfy the above relation, then this particle cannot miss P (x, y) neither, unless it is on the other side of the plate. Because all particles traveling towards the plate on the large circle follow the free stream Maxwellian distribution function, then with the above relation, we can determine the corresponding velocity space shown as Ω 1 on the left side of Fig.(18) . With a similar relation,
the contribution to the velocity distribution function for point P (x, y) by those particles diffusely reflected on the plate is described by another Maxwellian distribution function with a domain Ω 2 , shown on the right side of Fig.(18) . The boundaries of these two domains, Ω 1 and Ω 2 , are determined by point P (x, y), the two specific plate ends A(Ax, Ay), B(Bx, By), and the above Eqns. (17) (18) . If we denote θ 1 = arctan(y − Ay, x − Ax) and θ 2 = arctan(y − By, x − Bx), here arctan(y, x) is a special function with a value range of (−π, π) instead of (−π/2, π/2), then from Eqns. (17, 18) we obtain N P O = LOu = θ 1 and M P O = KOu = θ 2 . From Eqn. (17), we conclude that point (−U, 0) belongs to domain Ω 1 . In general, Ω 1 overlaps with Ω 2 ; the only exception is the case with U 0 = 0 as such a combination of Ω 1 and Ω 2 leads to a complete four-quadrant domain.
The velocity distribution function for point P (x, y) consists of contributions from two different Maxwellian distribution functions:
where β 0 = 1/(2RT 0 ), β w = 1/(2RT w ) (following the notation by Gombosi 17 ) and n w = (1 − α)n w0 :
where S = U 0 √ β 0 is the speed ratio, and S η = − cos η with η the angle between the flow direction and the local surface normal direction. Reference Kogan 16 or Bird 5 for details. We want to emphasize that the plate sticking coefficient α is considered in n w . This treatment is general enough for vacuum pump, thin film deposition and plume impingement.
Integrating the above two velocity distribution functions, Eqns. (19) and (20), with different moments of 1, u, v and (u 2 + v 2 + w 2 )/2 leads to the macroscopic number density, U-and V-velocity components, temperature and pressure distributions:
in the temperature formula a = −U 0 cos θ. The expression for V-velocity distribution, Eqn. (24), is free of complex integrals, while the other expressions contain complex integrals. It is clear that these specific terms involve the error function in Eqn. (25); γ 1 and γ 2 can be further partially integrated out. Only for special cases, such as locations on the plate surface with θ 2 − θ 1 = π, there are completely analytical solution. We adopt current Eqns. (22) (23) (24) (25) as the final solutions, because they are convenient for numerical integrations with a computer (Details of the integration processes can be found in a previous paper for a related problem.
23 ) The effects from the plate length, L, are implicitly contained in the parameters θ 1 and θ 2 . The angle of attack effects are included in the parameters n w , θ 1 and θ 2 as well.
The above exact solutions lead to relations between the plate sticking coefficient α and measured flow field properties. For example, from Eqn. (22) 
where α n represents plate sticking coefficient computed based on measured number density values. For a specific location (x, y) off the plate all terms on the right hand side are constant with fixed free stream conditions except n(x, y), to be provided by measurement, for example, with an ionization gauge. Hence, the plate sticking coefficient α can be obtained deterministically with a faster speed. By comparison, if numerical simulation methods such as DSMC are used to quantify the α value with measured n(x, y), we have to adopt an iterative process by running many DSMC simulations while adjusting the α value and the process is expensive. We can also derive the expressions for α from other equations. For the measurement results of velocity, α may be more complex because n(x, y) is present in the right hand side numerator and denominator. Measurement of mass flow rate along the X, Y directions can yield relatively simple results since n(x, y)U (x, y) and n(x, y)V (x, y) remove the n(x, y) factors from the denominators. Here we provide the solutions based on Eqns. (23, 24) :
where α U , α V are the pump sticking coefficients based on measure local U-or V-velocity components. From the temperature equation, we can also obtain a relation between a measured temperature T (x, y) and the plate sticking coefficient α as well. The expression is rather complex, therefore we omit it here. However, at a specific location (x, y), we can plot the temperature distribution with different α values. By comparing a measured temperature result T (x, y), we can conveniently obtain the corresponding α value from such a plot. Besides the explicit relations with the geometry and flow parameters, these exact solutions are very efficient to evaluate. It is a determined value, and we do not need to run many DSMC simulations. From Eqn. (27) we can see that for a fixed position, there is a linear relation between the measured number density n(X, Y ) and the plate sticking coefficient α; while for Eqns.(28,29) the measured velocity components U (x, y) and V (x, y) appear in the numerators and denominators. One natural concern is, does one specific measured flow field data lead to one unique α? Our answer to this question is affirmative and Figs (19-20) show some results to illustrate this fact. For this test case the free stream temperature is T 0 = 200 Kelvin, the mean velocity is 1/ √ β 0 while the plate temperature is 20 Kelvin, the plate length is L = 2 meters and it is set horizontally and the location for sampling is (0, L/2). Figure (19) shows the variation of plate sticking coefficient vs. normalized number density and velocity components at this location. It clearly shows that there is a linear relation between α and number density, as Eqn. (27) indicated. Even though the corresponding velocity does not have a linear relation with α, the variations are monotonic, and double-value relations do not exist. Figure (20) shows the temperature and pressure at that specific location monotonically changes with α as well. Hence, with measured density, velocity, temperature and pressure, we can very conveniently determine the plate sticking coefficient α.
When the free stream flow velocity is small, √ β 0 U 0 ≪ 1, such as the situations for insect flight or MEMS/NEMS, then the previous expressions can be significantly simplified by only preserving the first leading terms:
C. Validations and Discussions
The previous section is the key part of this section and it provides some complex but exact solutions for the collisionless gas flows around a plate with a plate sticking coefficient α. As a natural next step, this section provides some numerical results to validate these exact solutions. The plate sticking coefficient formula are directly derived from the exact flow field solutions, their validity is guaranteed if we can validate these flow field solutions. To validate the above solutions, we perform three numerical simulations with the DSMC simulation package GRASP. In these three test cases, the free stream gas is assumed to be argon and it flows from left to right, with a static temperature, T 0 = 200 K, U 0 = √ 2RT 0 = 288.34 m/s, plate length L = 2 m. The simulation domain is five meters by five meters with a total number of 100 × 100 square cells, mainly to provide a high resolution. About five million particles are used in each of these simulations. The other simulation parameters are: Cases A, B, C: plate inclination angles are ξ = 0
• , 90
• and 30
• and the plate sticking coefficients are α =0.4, 0.4, and 0.0 for these three cases, respectively. While the plate temperature is set to 20 Kelvin for the first two cases, and 300 Kelvin for the last case. The first two test cases are intended to show some flow fields around a cryogenic plume with different plate orientations. For Case A, the first plate is placed horizontally and both sides are equally exposed to the background flow, like the double-sided cryogenic pumps in LVTF. For Case B, the plate is placed vertically and this situation is more like a single-sided cryogenic pump, 25 and it also can serve as a greatly simplified model for a thin film deposition process inside a vacuum chamber. Case C is to illustrate some general plume impingement onto a flat plate in space.
As for boundary conditions, there are wall boundary conditions for the two sides of the plate, with completely diffuse reflections and specific sticking coefficients. The outer boundary conditions are set as inlet boundaries. Particles are removed from the simulation when they escape from the simulation domain. Meanwhile, within each time step, new particles are inserted into the four inlet boundaries by assigning the particles' velocity from a Maxwellian distribution function which is characterized by the free stream average velocity, temperature and number density.
5 Because these flows are collisionless, there is no collision inside the simulation domain and at the inlet boundaries. The collision function inside GRASP is turned off, hence true collisionless gas flow results are guaranteed and these simulation treatments are consistent with the collisionless assumption for the exact solutions. Due to the boundary setup and collisionless flow conditions, the simulation domain size actually does not affect the simulation results, this is very different from a situation of flows with inter-molecular collisions. Some readers may argue that the domain size may have effects on the simulation results due to the characteristic line theory. However, that theory is for continuum conditions with collisions, and the inlet boundary effects do need collisions to propagate into the simulation domain, this is true even for very rarefied gas flows. For collisionless flows, this is not applicable. Our current treatment is consistent with the derivations for those formula and the expected good agreement between simulation results and exact solutions can our reasoning on simulation domain size.
The same grids are used for the DSMC simulations and evaluation of the exact solutions. The DSMC simulations take a few days after which the statistical scatters are suppressed in the sampling results; then the sampled DSMC results are compared with the exact solutions, which only require less than one minute to evaluate with the same computer. Obviously, evaluation speed is another advantage for the exact solutions. In the simulations, the plate thickness is assumed to be zero, but in the following pictures, a thick line is added into each picture to clearly illustrate the plate location.
Figures (21) (22) (23) (24) (25) show the contours of normalized number density, velocity components, temperature and pressure for Case A. Macroscopic properties which can be computed with higher order moments of the distribution functions are neglected here for simplicity. The flow patterns for this test case are complex indeed: a source at the front tip and a sink at the rear tip are visible; the nonzero free stream pushes the contour lines backward; and because the plate inclination angle is zero, the flow patterns are exactly symmetric about the X-axis. There are relatively large discrepancies near the plate tips because mathematically, the two plate tips are singularity points with large gradients and multiple values converging onto these two points. The resolution from the DSMC simulation results depends on the mesh size, the smaller the mesh size, the more accurate the simulation results for these regions. However, the exact solutions do not depend on the mesh size, no matter how coarse the mesh, the solutions on these points are always accurate. Hence, some discrepancies between analytical and DSMC solutions at regions close to these two points are expected due to the large gradients. Other than these two near-tip regions, in general, these contours show excellent agreements between the analytical and numerical results, and we can conclude that they accurately represent the physical flow results. It is very evident that the contours have very complex patterns throughout the flow field; by comparison, the results along the top and bottom plate surfaces have two specific constants values, which are special cases of the general results. The analytical solutions explicitly show factors from geometry relations, the free stream number density, n 0 , mean velocity, U 0 , temperature, T 0 , and the plate temperature, T w .
Figures (26) (27) (28) (29) (30) show the contours of normalized number density, velocity components, temperature and pressure for Case B, which has a plate inclination angle of 90
• . Among the density contours, there are only two lines with a value of 1.0, while there are four in Cases A. These two branches are vertical lines, and the plate sticking coefficient has no effect on these two lines because the reflected slow particles can not reach these vertical lines. Without collisions, no reflected particles can change their velocities. Hence, particles which can reach these two vertical lines shall travel from the free stream only, with a number density of n 0 . The V-velocity contours have four specific branch lines with a value of zero, which are very evident in Cases A as well. This vertical plate placement is more effective to block gas flows, and Figs. (26) (27) (28) (29) (30) clearly show some accumulation effects. Figure (27) shows at the rear corner of the vertical plates, the U-velocity is higher than the free stream average speed. An attempt to explain the higher velocity with continuum acceleration does not hold soundly because there are no collisions. In fact, Fig.(30) shows the pressure at these locations is not the lowest. A plausible explanation is because more fast particles are recorded: at the left side of the vertical plate. Here there are more particles with negative U-velocity, and at the far right region, some particles are reflected from the cold plate, with low thermal speeds. Only at the two rear corners, effects from the cold plate are minor, and there are higher chances to record the high velocity particles traveling from the free stream. Figure (29) shows a slightly temperature increase behind the vertical plate, the value is higher than the free stream temperature T 0 = 200 Kelvin. Figures (31-35) show the contours of normalized number density, velocity components, temperature and pressure for test Case C. With a plate inclination angle of 30
• , the symmetric patterns disappear as expected. The plate surface facing the free stream flow has higher density and lower U-velocity due to the blockage effect, and the lee side has a lower number density and at the back side some locations have higher Uvelocity. This cases provide more complex patterns than the first two examples, but again, the analytical and numerical results are almost identical except around the two plate tips.
In general, we can conclude that both the analytical and the simulation results are valid because they are almost identical. Because the α evaluation formula are directly derived from these exact solutions, their validity are automatically guaranteed.
Before we end this section, we want to mention some other possible usages for the exact solutions from this study. These exact solutions can serve as benchmark test cases for some specific schemes, for example, the IP method. Masters and Ye 9 recently reported some improvement on the IP method and their comments on current IP methods for non-isothermal flows are somehow ad hoc, and one reason for these ad hoc treatments was because we are short of good benchmark test cases with exact solutions. These collisionless exact solutions together with some previous ones, 3, 26 can serve as good benchmark cases.
IV. Summary
The first part of this paper is actually a supplemental note to our previous study, 3 we have reported extensions of several speculations regarding steady internal collisionless gas flows inside arbitrary enclosures formed by several completely diffuse plates maintained at different temperatures. The molecules inside the enclosures reorganize themselves according to the plate temperatures. At any point inside the enclosures, the velocity distribution functions consist of several pieces of accurately determined Maxwellian distribution functions which are characterized by plate temperatures and number densities. The number densities are completely determined by the plate temperatures. Macroscopic properties, such as density, temperature and heat flux inside the enclosures can be completely determined. We did not include any properties related to higher order moments with the velocity distribution function, but we can expect very satisfactory matches. Those speculations are expected to work well for enclosures which are not single-connected.
The speculations can lead to many exact solutions for collisionless internal gas flows inside enclosures formed by plates maintained at different temperatures. The solutions can serve as base solutions to study less rarefied flow problems, 10 and they are good benchmarks to develop new simulation methods as well. As the second part of this study, we have reported some progress on collisionless gas flows over a flat plate with a plate sticking coefficient and a specific inclination angle. By integrating the velocity distribution functions with different moments, we obtained complex but accurate solutions for density, velocity components, temperature and pressure fields. The DSMC simulations yield almost identical results except at the two plate tips, indicating the approaches and results for this study are valid. We would like to summarize some significant points for the results to conclude this paper:
First, these solutions are applicable to situations such as free molecular flows around cryogenic pumps, thin film depositions in vacuum chambers, and spacecraft plume impingement estimation. This study provides exact formula to accurately quantify the cryogenic pump stick coefficients. For example, with measured number density at specific locations off the plate, we can quickly determine the sticking coefficients, rather by expensive DSMC simulations with trial-and-error. The evaluation of these flow and thermal fields, for example for the three test cases, only takes less than one minute for each case; by comparison, the corresponding DSMC simulations take several days.
Second, the principles adopted in this study can date back at least to Kogan, 16 but to our knowledge there was no previous exact solution in the literature, even though there are numerical results of collisionless gas flows over a flat plate in textbooks. The exact solutions from this study complement those exact solutions in the literature about plate aerodynamic coefficients and heat transfer rate for collisionless gas flows to a flat plate. Probably this is the first report on exact collisionless gas flow and temperature field around a flat plate.
Third, these exact solutions can serve as benchmark cases for simulation methodology development, or serve as base solutions to study less rarefied flow situations, for example, with a linearized Boltzmann equation method. The approach adopted in this study is general and heuristic, and can be used to study other collisionless external gas flows over objects of complex geometries. Figure 1 . An arbitrary 2D enclosure with plates maintained at four temperatures, and the velocity phase space of point P . 
